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$_i 1 Abstract. We show that nonnoetherian subalgebras of afhne coordinate rings 

can be realized geometrically as afhne varieties that contain positive dimensional 
subvarieties which are identified as closed points. We introduce the notion of the 
'geometric dimension' of a point, and characterize the unique largest subset for 
which the closed points are zero dimensional. 

The following application is then considered: Let A be a non-cancellative super- 
potential algebra of a brane tiling quiver Q, and suppose a cancellative algebra A' (a 
'superconformal quiver theory') is obtained by contracting ('Higgsing') an adequate 
set of arrows in Q to vertices. We show that under a certain new isomorphism, the 
nonnoetherian center Z of A will be generated by the intersection of the cycles in 
Q, and birational to the noetherian ring generated by the union of these cycles (the 
'mesonic chiral ring'). Further, we show that the latter ring will be isomorphic to 
the center of A 1 , and therefore Z will be an affine toric Gorenstein singularity with 
a positive dimensional closed point. 



1. Introduction 

The purpose of this paper is two-fold: first, to introduce a new framework for 
understanding the geometry of infinitely-generated subalgebras of affine coordinate 
rings in some non-abstract sense; and second, to apply this framework to geometries 
that arise from certain superpotential quiver algebras. 

A superpotential algebra of a cancellative brane tiling (also called a dimer model) is 
a type of quiver algebra with potential that has the cancellation property (Definition 
13. 6p . It is now well known that these algebras are noncommutative crepant resolutions 
and 3-Calabi-Yau algebras with 3-dimensional normal toric Gorenstein centers |MR[ 
ID] IBr] |M| IBot IB] . Much less is understood, however, about superpotential algebras of 
non-cancellative brane tilings. In contrast to cancellative brane tilings, they are not 
finitely-generated modules over their centers, and their centers are nonnoetherian. In 
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this paper we study the central geometry of these non-cancellative algebras, as it is 
of interest from both a mathematical and a string theory perspectives 

We briefly outline our main results. The results in section 1 are about nonnoethe- 
rian subalgebras of affine coordinate rings, and may be of independent interest from 
superpotential algebras. 

Let R be a subalgebra of an affine coordinate ring S. We introduce the subsets 

U := {n £ Max S | R nnR = S n } and W : = jn G Max S | y/(nC\R)S = n} , 
and show the following. 

Theorem A. Suppose R is a subalgebra of an affine k-algebra S. Then the map 

<p : Max S -> Max R, q^qflii, 

is injective on U , and W is the unique largest subset of Max S that <fi is injective on. 
In particular, U C W . If U ^ i/ien Max S and M&xR are isomorphic on open 
dense subsets, and thus birationally equivalent. 

Proposition B. Let R 1 be a subalgebra of S, I an ideal of S, and form the algebra 

R=h{R',I}. 

Then U (hence W) contains the open subset Z(I) C of Max S. Furthermore, if I C S 
is a non-maximal ideal and 

R = k[I] =k + I, 
then W = U = Z(I) C , and the set V(I) is a closed point in SpecR. 

We then introduce the notions of depiction and geometric dimension: we say R is 
depicted by S if U ^ and the map : Max S —> MaxR, n n D R, is surjective. 
Furthermore, for p £ Speci? let codimsp denote the length of a longest chain of 
distinct prime ideals of R contained in p that lifts to a chain of prime ideals of S, 
and set dimsp := dimsi? — codim^p (Definition I2.1ip . The geometric dimension of 
p is then defined to be the supremum 

dim° p = sup {dims p | S a depiction of R} . 

The following theorem relates dimsp to the set U, and implies that the geometric 
dimension of a point will always be finite and bounded by the transcendence degree 
of FracR over k. 

Theorem C. Suppose R is depicted by S . Then 

dims R = trdeg fc Frac R = dim S. 

Hn 4-dimensional theories these algebras often correspond to non-superconformal quiver gauge 
theories, which are perfectly reasonable physical theories. In 3-dimensional Chern-Simons quiver 
gauge theories, cancellative and non-cancellative brane tilings are usually on an equal footing; see 
for example pSllBR] . 
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IfpE Speci? and q G _1 (p), then 

dim q < dims p < dim S, 

with equality on the left if Z(q) D U ^ 0. 

In section 2 we turn our attention to quiver algebras: 

Theorem D. Suppose A = kQ/I is a finitely- generated quiver algebra that admits 
an impression r : A >• M\q \(B) (Definition \3.ty) . with B an affine integral domain 
and r(ej) = En for each i G Qq. For p G tjAti, define f{p) by r{p) = f(p)Eji. Then 
the center of A is isomorphic to 



We then characterize the central geometry of a class of superpotential algebras of 
non-cancellative brane tilings. To do this, we define a fc-homomorphism that turns 
a set of arrows into vertices, called a contraction (Definitions 13.91 and 13.11]) . This 
formalizes an operation known as 'Higgsing' in quiver gauge theories (see Remark 



Theorem E. Let ip : A — >■ A' be an adequate contraction between superpotential 
algebras of brane tilings, where A 1 is cancellative and A is not. Further suppose A' 
admits an impression (t',B), with B a polynomial ring and f (a) G B a monomial 
for each a G Q[. Define the k-homomorphism r : A — )■ M\q \(B) by 

r(a) := f'{ijj{a)) for each a G ejAei, i,j G Qo, 

and let R, S and R', S' be as in (T7]) ; with t and t' respectively. Then 

Z = RC S = S' = R' ^ Z'. 

Furthermore, R is depicted by S. In particular, the 'mesonic chiral ring' of A, namely 
S, is a depiction of its center Z. 

As a corollary, we conclude that the nonnoetherian center Z of A is birational to 
the normal toric Gorenstein singularity S = S' and contains a positive dimensional 
subvariety that is identified as a single (closed) point. 

Finally, in Proposition 13.201 we give an infinite family of non-cancellative brane 
tilings for which Theorem E applies. 

Notation: Throughout R is a subalgebra of an affine integral domain S, both of 
which contain an algebraically closed field k. We will denote by dimi? the Krull 
dimension of R; by Frac R the ring of fractions of R; by Max R the set of maximal 
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ideals of R; and by Spec R either the set of prime ideals of R or the affine fc-scheme 
with global sections R. For a C R we denote by Z(a) := {m G Maxi? | m D a}, 
V(a) := {p G SpecR | p D a}, the respective Zariski-closed sets of Max R and SpecR. 
Finally, Qg denotes the paths of length i in a quiver Q. 

2. NONNOETHERIAN GEOMETRY: POSITIVE DIMENSIONAL AND NONLOCAL 

POINTS 

2.1. The largest subset. We begin with the following basic fact. 
Lemma 2.1. If q E MaxS then q n R E Maxi? C Speci?. 

Proof. Since 5 is finitely-generated over an algebraically closed field, S/q = k, and 
thus since 1$ & R, the composition ip : i? > S — > S/q is an epimorphism. Therefore 
iZ/ ker if) = k, and so q n R = ker ^ G Max iZ. □ 

The embedding l : R ^ S induces the morphism of schemes 

O,0 b ) : (SpecS", Cspcc s) — > (SpecR, Cspccij) , 

where : Spec S — > Spec R! is given by q i->- q fl We introduce the following 
subsets of the variety Max S. 

Definition 2.2. For n G MaxS", set m := n D R E Maxi?. Define the subsets 

U s := {n G MaxS | R m = S n } , W s := jn G MaxS | vmS 7 = n} . 

We will omit the subscript S when S is fixed. Recall that S is an overring of a 
domain i? if R C 5 C Frac i?. 

Lemma 2.3. 7/ {7 zs nonempty then S is an overring of R. In particular, the func- 
tion field of Spec R equals the function field of SpecS 1 . Furthermore, U contains a 
nonempty open subset of Max S. 

Proof. Suppose n G U. Then since S is an integral domain, S C FracS 1 = Frac(S n ) = 
Frac(iZ nn _R) = Frac R. 

We now show that U contains a nonempty open subset of Max S. We first claim 
that if A is a subalgebra of B, n G Max A, and n7? n A ^ A, then v4 n C 7? n #. 
Consider ^ E A n with a,b E A C B and 6 ^ n. Then b G' nB: suppose b E nB. 
Then b E nB fl A. But nB H A D n E Max A, and nB n A ^ A by assumption, 
so nB PI A = n, whence b E n, contrary to our assumption. Therefore b G" riT?, so 
| G -B n _B, proving our claim. 

Now suppose {aj} ig/ is a generating set for S 1 and set J := {j E I \ a, G" R}. Since 
S C Frac 77 by Lemma [2.31 for each j E J there is a Cj G R such that OjC, G R. The 
subset 

[/' := {n G MaxS | Cj - £ n Vj G J} 

2 This follows since i? q nfl C Sq. if a € -R q nfl then a = - with 6, c G i? C S 1 , c ^ q n i?, so c ^ q, 
whence afS,. 
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of MaxS" is nonempty and open since | J\ < \I\ < oo. Suppose n G U' and m = nC\R. 
Then Cj G" n, hence Cj G" m, for each j G J. Therefore S C R^. But then S C C S n , 
so by our claim above we have 

S n Q (R m )nR m Q (Sn)nS n = S n , 

which yields S n = (Rm) n R m = Rm- Therefore U' C U. □ 

In the following theorem we show that W is similar in spirit to the Azumaya locus 
of A when A is a noncommutative algebra, module-finite over its center Z. Recall 
that if n, n' G Max A and n R Z = n' fl Z is in the Azumaya locus of A, then n = n'H 
For a subset Y of Max S, set F c := Max S\Y. 

Theorem 2.4. T/ie map 

: Max 5 -> MaxR, q q n R, 

is injective on U , and W is the unique largest subset of Max S that (ft is injective on. 
In particular, U C W . If U ^ then Max 5* and M&xR are isomorphic on open 
dense subsets, and thus birationally equivalent. 

Proof. We first show that is injective on U: if n, n' G U and n fl R = n' fl R, then 
= R n nR = Rn'nR = SV, so S n has unique maximal ideal n = n'. 
We now claim that n G W c if and only if there is a point n' G Max S, not equal to 
n, such that 0(n) = 0(n'). First note that for m G Maxi?, m C mS C VinS 1 C n, so 
m C \/mS ni?Cnni? = m, which yields 

(3) VmS HR = m. 

Set m := n(~)R and suppose n ^ y/mS. Since S" is Jacobson, y/mS = ^^/^^^5cqeMaxS 1) 
so there exists a maximal ideal n' 7^ n of 5* such that y/mS C n'. But then by Lemma 

EH 

m © n i? C n' n R G Maxi?, 

so 0(n') = n / ni? = m = nni? = 0(n). 

Conversely suppose there are distinct points n, n' G Max 5* such that 0(n) = 0(n'). 
Then n fl R = n' fl i? =: m, and so y/mS C n fl n' C n. 

Finally, Max S is irreducible so U contains an open dense subset by Lemma 12.31 
Therefore M&xS and Maxi? are birationally equivalent since is injective on U. □ 

Example 2.5. Let S = k[x, y] and R = k[x, xy, xy 2 , . . .) — k + (x)S. For any b G k, 
the ideals (x, y — b), (x) G Spec 5* satisfy 

(x, y - b) n R = (x) n R = (x, xy, xy 2 , . . .) G Max R, 

so [x,y — b) G W c by Theorem 12.41 



3 If S is finitely-generated over k but i? is not, then S will not be a finitely-generated i?-modulc; 
this follows, for example, from the Artin-Tate lemma. 
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The following proposition generalizes the fact that for n G Max S, S = k + n. 
Proposition 2.6. Let R' be a subalgebra of S, I an ideal of S, and form the algebra 

R = k[R',I\. 

Then U (hence W) contains the open subset Z(I) C of Max S. Furthermore, if I C S 
is a non-maximal ideal and 

r = k[I] =k + I, 
then W = U = Z(I) C , and the set V(I) is a closed point in SpecR. 

Proof We claim that if q G Spec S does not contain / then i? qn i? = in particular, 
if q G MaxS* then q G U. Set p := q D R. Then R p C S q , so suppose a G S q , i.e., 
there is some f,g G S, g ^ q, such that a = -. Since q does not contain I there is 
some c e J \ q. Since c, G 5 \ q and q is prime, we have eg G S \ q. Since c G I, 
eg e I C R, so eg E R\p. But also 6 := age E I C R, and thus a = ^- G i? p . 

For the second statement, clearly J G Maxi?. Suppose I is not a maximal ideal 
of S. Let n G Then nDJ, so nnfi 3 / Hi? = / G M&xR, so nDR = I. 

But then v 7 /^ = IS = I C n, and so Z(J) C iy c . The converse follows from the 
previous paragraph, and so W c = Z(I). Since Z(I) D U c ~D W c = Z(I), we also have 
U C = Z{I). ' □ 

Note that U may properly contain Z(I) C ; for example, take R! = S. 

Example 2.7. A geometric picture. 

(i) Again let S = k[x,y] and R = k + (x)S. By Proposition 12.61 we can form the 
space Maxi? by declaring the line {x = 0} = Z(x) C A| = MaxS" to be a single 
(closed) point, while all other points, U = {x ^ 0}, remain unaltered. 

(ii) Let S = k[x,y,z] and i? = k[x,y,yz,yz 2 , ■ ■ ■] = k[x, (y)S]. We can form the 
space Maxi? by declaring each line {x = c, y = 0} = Z(x — c, y) C = MaxS 1 to 
be a point, while all other points, U = {y ^ 0}, remain unaltered. 

The following definition formalizes these 'geometric pictures'. 

Definition 2.8. We say S is a depiction of R (or i? is depicted by S) if Z7 7^ and 
the map : MaxS* — > Maxi?, n 1— >• n R R, is surjective. 

Question 2.9. If R admits a depiction, then does R admit a unique maximal depic- 
tion with respect to inclusion? 

A partial answer to this question is given in the next proposition. We say two 
elements a,b G S are coprime if their only common divisors are in k. 

Proposition 2.10. Suppose S is a depiction of R with the property that a,b G S are 
not coprime whenever a\b" for some n > 1. Then S is the unique maximal depiction 
ofR. 
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Proof. Suppose R admits depictions S and S', S' has the 'coprime property', and 
assume to the contrary that a G S \ S'. Since Us C MaxS is nonempty, FracS 1 = 
Frac R by Lemma 12.31 Therefore a = - for some b,c G R, which we can assume to 
be coprime in 5" since a (jL S' . If c were a unit of R then a = c~ x b e R G S' , a 
contradiction, so c is contained in at least one maximal ideal m G Max R. 

Suppose c G p G Maxi?. Since S is a depiction of R there is some q G Max S 
such that q fl R = p. It follows that c G q, so b = ac G q, so b G q R -R = p. I.e., 
c G p G Maxi? implies 6 G p. Therefore c G n G MaxS" implies c G n fl R G Maxi?, 
which implies 6 G n fl i? C n. Since 5" is a depiction, there is some n G Max S" such 
that n fl R = m 3 c, so the intersection HceneMaxS' n * s nonempty, and thus contains 
b. Consequently 

be f| n^v^, 

ceneMaxS' 

where (i) holds since S' is Jacobson. Therefore c\b n for some n > 1. But 6 and c 
were chosen to be coprime, contradicting our assumption that S' has the coprime 
property. Therefore SC5'. □ 

2.2. Geometric dimensions of points. Throughout this section we assume that 
R is depicted by S. We introduce the following modifications of height and Krull 
dimension. 

Definition 2.11. Let p G Speci?. Denote by codim^p the length d of a longest 
chain of prime ideals of R, p Cj ■ ■ • C p d = p, that lifts to a chain of prime ideals of 
S, qo Q ■ ■ ■ Q qd, in the sense that p« = q^ fl R. Set 

dinis R := sup {codinis p | p G Spec R} , dim s p := dim s R — codim s p. 

We then define the geometric dimension of p to be 

dim° p = sup {dims p | S a depiction of R} . 

Our main result of this section is Theorem 12.191 We first give a couple examples. 

Example 2.12. Geometric dimension. Again consider S = k[x, y], R = k + (x)S. 
S is the unique largest depiction of R by Proposition 12.101 The ideal (x)S D R of 
R has height at least 2 since C (y)S fl R C (x)S 1 fl i? is a chain of prime ideals 
in R. Fortunately this chain does not lift to a chain of prime ideals of S: we have 
(y)S n R = (xy)S fl i?, but (y)S' ^ (x)S', and (xy)S is not prime in S 1 . Therefore the 
geometric dimension of the closed point (x)S fl R G Maxi? is 1, noting that it lifts 
to the line {x = 0} = Z(x) C A^. 

Example 2.13. A zero- dimensional nonlocal point. Let 5 = k[X] be the coordinate 
ring for an algebraic variety X, and let tii, . . . , n r be maximal ideals of S. Then by 
Proposition 12. 6[ 

r 

R = k + Y[^i 

i=i 
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is the coordinate ring for a space which is identical to X, with the exception that the 
r points tli, . . . , n r are identified as one single point. 5* is a depiction of R, and U c is 
zero dimensional. 

Lemma 2.14. If pi C p 2 , qi C q 2 , and pi = q« fl R, then q 1 C q 2 . 

Proof. If a G p2 \ pi then a G R, so a £ q 1 . But p 2 C q2, so a 6 q2 \ qi- □ 

Lemma 2.15. Let p G SpecR, and q G _1 (p). Then Z(p) n 0(C/) / i/ and on/?/ 
i/Z(q)ntf^0. 

Proof. If n G [/ contains q then p = qfl-RCnni?G 0(t/). Conversely, suppose 
m G Z(p) fl <p(U). Since 5 is a depiction of i? and m G Z(p), there is some n G Z(q) 
such that 0(n) = m. Furthermore, since m G 0(£/) there is some n' G U such that 
0(n') = m. But is injective on U by Theorem I2.4[ and so n = n'. Therefore 
neZ(q)nU. □ 

For the following, set p m := p-R m . 

Lemma 2.16. Let p G SpecR. Consider a maximal chain of distinct prime ideals 
in R containing p, 

Po Q ■■■ SPd = P- 

Suppose m G Z(p) fl 0(Z7) and let n G _1 (m). Then pS n G SpecSn, and 

(4) p S n C ■ ■ • C p d 5 n 

a maximal chain of prime ideals in S n containing pS n with the property that 

(5) pA n R = pi for 0<i<d. 

Proof, (i) Let p C p' be prime ideals in R. We claim that p m C p^, and so it suffices 
to show that p m ^ p' m . Assume to the contrary that these ideals are equal and let 
a G p'\p. Then there exists a d G p and - G R m , with 6, c G R, c G" m D p, such that 



a 



db 



— G p m . But then ac = db G p while a and c are in R \ p, contradicting the fact 
that p is a prime ideal in R. 

(ii) To show that pS n fl R = p, consider 

P c ps n n i? = p/4 n R = p, 

where (i) follows since m G <p{U). 

(iii) Since n G U, p m = pS n , and so p m is an ideal in S n . To show that p m is prime 
in S n , consider ah G p m and a,b G S n — R m . Then a = — , b = P* G -R m , with bi E R 
and a 2 , »2 ^ nx, so 

i? 3 a\bi = a 2 6 2 a6 G p m . 
Thus a x bi G -R fl p m = p, so a x or b x is in p, and so a or 6 is in p m . □ 
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Proposition 2.17. Let p E Speci? be such that Z(p)r)</>(U) 7^ 0. Given any maximal 
chain of distinct prime ideals of R containing p, 

Po £ • ■ ■ £ Pd = P, 

there exists a maximal chain of distinct prime ideals of S, 

qo S • • • C q d 

with the property that R R = pi for each < i < d. Therefore cochins p < codimp. 

Proof. Consider n G Max S satisfying n n R E Z(p) H <j>(U). Set := piS n n S. Then 
qi is an ideal in S: 

q« C q,S = (p^ n ns)5c Pi s n s ns = pjS n ns = qi, 

which yields q» = q^S*. q, is prime in S: suppose ah E qj with a,b E S C S n . Then 
ai> G pj^n, so a or 6 is in piS n by Lemma 12.161 and so a or b is in piS n H S — qi. 

Furthermore, qj fl R = piS„ H R ^ pi. Since piS n C pi + iS n by (jlj), we have qj = 
piS n fl S C pj+i^n fl S 1 = qi+i. We have thus shown that there is a chain of prime 
ideals 

qo Q ■ ■ ■ Q q* 

with the property that qj n i? = pj for each < i < d, and these inclusions are strict 
by Lemma I2TT41 □ 

Proposition 2.18. Let p G Speci? and q G </> _1 (p). Then codimq < codim^p, with 
equality if Z(q) n C/ ^ 0. 

Proof. Set d := codimq. 

(i) First suppose Z(q) fl C/ 7^ 0, i.e., q is contained in some n E U. Set m = n fl R. 
We claim that codinisp = codimq, so by Proposition 12. 171 and Lemma \2. 141 it suffices 
to show that codim^p > codimq. Consider a maximal chain of distinct prime ideals 
q C • • • C q d — q. Since q C n, there is a chain of distinct prime ideals qoS n C • • • C 
qdS n in S n . Since n E U, this is a chain of distinct prime ideals qo-R m S ' ' ' £ ^dRm 
in i? m . Set tj := qj-R m ; since tj is a proper ideal in R m , we have tj fl R C m. 

Suppose a G t i+ i \ tj. Then there is some c E R\m such that ac E R (clearing 
denominators). If ac E U then c E U since tj is prime. But then c G tj fl i? C m, a 
contradiction. Therefore ac E U+i H i? \ tj fl R, and so the chain of ideals 

t n R c • • • c t d n i2 

is strict. Furthermore, these ideals are prime: if a& G tj fl R and a,b E R then a& G tj, 
so a or b is in tj, so a or 6 is in tj D R. Finally, p = td fl R since 

P C qR m H R = qS n n i? = q5 n n 5 H R = q n R = p, 

where (a) holds since n G Z7 and (b) holds since q C n. This proves our claim. 

(ii) Now suppose Z(q) fl U = 0. Z7 contains a nonempty open set U' by Lemma 
12.31 which is dense since MaxS* is irreducible. Thus there exists a chain of distinct 
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prime ideals of S, q C • • • C q d _i C q d = q, such that Z(q (i _i) fl ^ 0. Then 
Z(q d _i) n [/ 7^ 0, say n G Z(q d _i) H C/. Therefore by (i), codims p > d - 1. If 
q d _i n i? = q d n i? then p = q d _i n i? C n n R E (f){U), whence n H R E Z(p) n 0(C), 
contrary to assumption by Lemma 12.151 Otherwise qa-i fl i? C p, and so coding p > 
codimq. □ 

Theorem 2.19. Suppose R is depicted by S . Then 

(6) dims R = trdeg fc Frac R = dim S. 
If p E Speci? and q E _1 (p), then 

(7) dim q < dim 5 p < dim S, 
with equality on the left if Z(q) fl U ^ 0. 

Proof. We first prove ([6]) . By Lemma 12.31 and our assumption that Max S is an 
algebraic variety, dim S = trdeg fc Frac S = trdeg fc Frac R. Since U is nonempty, there 
is some n E U such that 

dims R < dim S = codim u Pro |P^ coding (n fl R) < dims R, 

where (i) follows since Max S 3 n is an (irreducible) algebraic variety. 
We now prove ([7]). dim^p < dim S holds by §6§. Moreover, 

|5j Lemma [2J4l 

dims p = dims R — codims p = dim S — codims p > dim S — codim q = dim q. 
If Z(q) H U ^ then dim 5 p = dim q by © and Proposition I2TT51 □ 

Corollary 2.20. The geometric dimension of a point p E Speci? is always finite, 
and bounded by the transcendence degree of Frac R over k. 

3. Central geometry of non-cancellative toric superpotential 

algebras 

Throughout let A = kQ/I be a finitely-generated quiver algebra and let B be an 
affine integral domain containing k. 

3.1. Depictions from quiver algebras. Denote by Eji E M\q \(B) the matrix 
whose (j'z)-th entry is 1 and all other entries zero. Given an algebra homomorphism 
t : A — > M\q q \(B) satisfying r(e») = En for each i E Qo, denote by f : CjAci — > B 
the /c-homomorphism defined by r(p) = f(p)Eji for each p E CjAci. 

Proposition 3.1. Let r : A — >■ M\q \(B) be a k -homomorphism that is an algebra 
homomorphism on each CiAei, i E Qo, with r{eA = En. Suppose there is a cycle 
b E A which contains each vertex as a subpath and whose r-image is nonzero. Further 
suppose the map Max I? — > M&xR, q y q n R, is surjective. Then the subalgebra 



R := {r E B | rid E imr} = k 



P| t (eiAd 



C B 
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is depicted by 

(9) S := k 



C B. 



Proof. A is finitely-generated, so \Q\\ < oo, so S is finitely-generated. Furthermore, 
S is a domain since it is a subalgebra of the domain B. 

Us is nonempty: Fix i G Q . Let 6, G e^Ae; be a cycle that contains each vertex ej 
as a subpath, and let Cj G e^ei be an arbitrary cycle. For each j G Qo, denote by &j 
and dj the respective cycles obtained by cyclically permuting fej and d{ := OjCj so that 
their heads and tails are at j. Then f(bj) = r(Oj) =: (3 and r(d,-) = f{di) = f (cj)/3, 
since r is an algebra homomorphism on CiAei. Therefore /3 and f(cj)/3 are in i?. Let 
q be a point in the nonempty open subset of Maxi? defined by ^ 0. By Lemma 
12.11 n := q fl S and m := nHR are maximal ideals of S and R respectively, and (3 e R 
is invertible in the localization R m . Consequently 

f (a) = r( Ci )p n ■ (3- n e ,R m . 

Since q was arbitrary, S n C i^, whence 5 n = -R OT . 

T/ie map : MaxS" — >■ Maxi? ; n i— y n D R, is surjective: Let m G Maxi?. By 
assumption there is some q G Max I? such that q fl R = m. But n := q fl S G Max S 
and n D i2 = (q n S) n = m. □ 

We are interested in cases where the center of A is isomorphic to R. For the 
remainder of this section, let R and S be as in (jSJ) and ([9]). The following definition 
was introduced in [B] to study a class of superpotential algebras of cancellative brane 
tilings (Definition I3.6p . 

Definition 3.2. An impression (r, B) of A is a commutative affine fc-algebra B and 
an algebra monomorphism t : A ^ M<i(B) such that (i) for each q in some open 
dense subset U C Max 5, the composition with the evaluation map 

A M d (S) A- M d (fl/q) 

is surjective, and (ii) the morphism M&xB — > M&xR, q i— > q fl i?, is surjective jB| 
Definition and Lemma 2.1]. 

An impression is useful in part because it determines the center Z of A, and if A 
is a finitely-generated Z-module then it determines all simple A-module isoclasses of 
maximal fc-dimension [B], Proposition 2.5]. 

Theorem 3.3. If r : A ^ M\q \(B) is an impression of A with B an integral 
domain and r(ej) = En for each i G Qo, then the center of A is isomorphic to R and 
is depicted by S. 

Proof. By [HI Lemma 2.4], the maximal /^-dimension of the simple A-modules is \Qq\. 
Thus there exists a path pji £ I between any two vertices i, j of Q. Since r is injective, 
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Figure 1. 

T(pji) 7^ 0. We can therefore form a cycle Pi|g | ■ ■ -P3 2 p 2 i which contains each vertex 
a subpath and whose r-image is nonzero: indeed, since B is an integral domain we 
have 

f (Pl|Qo| ■ ■ -P32P2l) = f (PI\Q \) ■ ■ ■ f ( P32 ) f ( P 2l) ^ 0. 

By the definition of impression, the morphism Max B — > Max R, q 1— > q D R, is 
surjective. We may therefore apply Proposition 13.11 Finally, by [Bj Lemma 2.1] 
Z = R. □ 

Remark 3.4. The role of S is new: S is a commutative ring obtained from A that 
in most cases is not a central subring of A, but is closely related to the geometry of 
the center Z of A. When Z is noetherian then S is isomorphic to Z, while if Z is 
nonnoetherian then S properly contains Z. 

Example 3.5. Consider the quiver algebra A = kQ/ (yba — bay), with quiver given 
in figured] The labeling of arrows defines an impression (r, B = k[a, b, z]), and so we 
may apply Theorem 13.31 Letting x := ab, we find that the center of A is isomorphic 
to 

R = k[f (exAei) n f (e 2 Ae 2 )} = k + (x)S 

and is depicted by 

S — k[f (eiAei) U f (e 2 Ae 2 )] = k[x, y), 
with R and S as in Examples 12. 5[ 12. 7\ and I2.12|R We make two remarks: 

• Even though A does not posses certain nice properties such as being a finitely- 
generated module over its center, the simple A-modules of maximal fc-dimension 
(i.e., the simples modules with dimension vector (1,1) by [HI Lemma 5.1]) 
are nevertheless still parameterized by the smooth locus of MaxZ, namely 
(be, a) G k* x k, which we naturally identify with U C Max S. 

• The moduli space of ^-stable A-modules of dimension vector (1, 1), for generic 
stability parameter 9, is precisely the 'resolution' Max S. 

3.2. Depictions of non-cancellative toric superpotential algebras and the 
mesonic chiral ring. In this section we will consider superpotential algebras of 
non-cancellative brane tilings. Such algebras cannot admit impressions (r, B) with 
B prime, but fortunately many of them (if not all) still have the property that their 

centers are isomorphic to R = k flieQo ^( e «^ e «) > where f is defined in (JTTJ) below. 



ir The path algebra kQ has been studied in [Si Proposition 6.1] in a different context. 
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Definition 3.6. A brane tiling is a quiver Q whose underlying graph Q embeds into 
a two-dimensional real torus T 2 , such that each connected component of T 2 \ Q is 
simply connected and each cycle on the boundary of a connected component, called 
a unit cycle, is oriented and has length at least 2. A superpotential algebra A of a 
brane tiling Q is the quiver algebra kQ/I, where I is the (two-sided) ideaQ 

(10) I := (d — d! | 3 a G Q\ such that da and d'a are unit cycles) C kQ. 

Denote p — q £ I by p = q. A and Q are called cancellative if for all paths a, p, q 
with h(a) = t(p) = t(g) (resp. t(a) = h(p) = h(g)), we have 

p = q whenever pa = ga (resp. ap = ag). 

Superpotential algebras of cancellative brane tilings are 3-Calabi-Yau algebras (e.g. 
[MR1 Theorem 6.3], [Dl Theorem 4.3]) and noncommutative crepant resolutions (e.g. 
[Bo\ Theorem 10.2]). Moreover, their centers are 3-dimensional normal toric Goren- 
stein singularities ([Br], [Bj section 4, for square brane tilings]). In contrast, superpo- 
tential algebras of non-cancellative brane tilings are not finitely-generated modules 
over their centers, and their centers are nonnoetherian. Cancellation in the context 
of brane tilings first appeared in \MR\ Condition 4.12], and was expanded upon in 
[D| Definition 2.5, Lemma 7.3]. See |Bot Theorem 11.1] for equivalent notions. 

Remark 3.7. Any superpotential algebra of a brane tiling that admits an impression 
(r, B) with B an integral domain will be cancellative. Indeed, if pa = qa then 
f(p)f(a) = T(pa) = f(qa) = f(q)f(a), so f(p) = f(q), so r(p) = f(p)E h{p)Ma) = 
f(q)E hip)Ma) = r(q), whence p = q by the injectivity of r. 

Throughout, denote by Ui a unit cycle at i, and by a the f-image of a (any) unit 
cycle in Q. The following are well-known properties of the unit cycles; see for example 
[MRl Lemmas 4.2, 4.4, 4.5, 4.6]. 

Lemma 3.8. Let A = kQ/I be a superpotential algebra of any brane tiling (cancella- 
tive or not). Then 

• The element u := YlieQ Ui + I is in the center of A. 

• If Ui, u\ are two unit cycles at i 6 Q then Ui — u\ G /. 

• If p G CikQci is a cycle whose lift p + is a cycle in Q, then p = u™ for some 
n>0. 

The following definition formalizes a notion of 'Higgsing' in quiver gauge theories, 
and we will use this notion to determine depictions of the centers of superpotential 
algebras of non-cancellative brane tilings. 

5 In [Bol Definition 3.2], the unit cycles are required to have length at least 3. We will encounter 
examples in section 13.31 where it is necessary to allow cancellative algebras to have unit cycles of 
length 2. This poses no problem, however: if Q has unit cycles of length 2 and Q' is obtained from 
Q by deleting these two-cycles, then their corresponding superpotential algebras are equal (though 
their path algebras are not). 
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Definition 3.9. Given a brane tiling Q and a subset of arrows Qj C Qj, form the 
contracted quiver Q' by identifying the three paths a, h(a), and t(a), for each a G Q\. 
Denote by ip : kQ — > kQ' the fc-homomorphism defined by sending a path in kQ to 
the corresponding path in kQ' . 

If d — d! is a minimal generator of /, that is, there exists an a G Q\ such that ad 
and a<f are unit cycles, then ip(d — d') = ip(d) — ip(d') G I'. Indeed, if a G Q\ then 
this follows from Lemma [3 .8[ and is trivial otherwise. Therefore Q I', and so ip 
descends to a £> homomorphism A = kQ/I — > A' — kQ'/F, which we also denote by 
ip. It is clear that ip is an algebra homomorphism on the corner rings e^Ae^, i G Qo- 
We say ip is a contraction on Q\. 

For the remainder of this section, let A = kQ/I and A' = kQ' /I' be superpoten- 
tial algebras of brane tilings that are respectively non-cancellative and cancellative. 
Denote by Z and Z' the respective centers of A and A'. Suppose A' admits an im- 
pression r : A' <^-> M\q \(B), where B is a polynomial ring, r(ej) = En for each 
i G Qo, and f(a) G -B is a monomial for each a G Qx- Further, suppose ij) : A — > A' 
is a contraction on a set of arrows Q\ C Qi- We introduce the fc-homomorphism 
t : A ^ M\ Qo \(B) defined by 

(11) f (a) := f'{ijj{a)) for each a G ejAei, i,j G Qo- 

Since r' is an algebra homomorphism and ip is an algebra homomorphism on each 
eiAei, i G Qo, t' is also an algebra homomorphism on each CiAei. 

Let i?, 5* and R', S' be defined by (jSJ), © with r and t' respectively. Since A' is 
cancellative, it is well known that Z' = R' = S' since there is an isomorphism of 
corner rings eiAei = ejAej for each i, j G Qo- In Theorem 13.181 we will show that (i) 
Z = R as algebras; (ii) S = S'; and (iii) R is depicted by S. 

Physics Remark 3.10. In a 4-dimensional Af = 1 quiver gauge theory with quiver 
Q, the algebra generated by the cycles in Q modulo the F-flatness constraints, that 
is, the defining generators of /, is known as the 'mesonic chiral ring'. In the context 
of these theories, the algebra 5* is similar to, if not a formalized definition of, the 
mesonic chiral ring. 

Furthermore, the Higgsing considered here is presumably related to RG flow: we 
start with a non-superconformal (strongly coupled) quiver theory Q, give an arrow 
5 G Q\ a nonzero vev, and end with a theory Q' that lies at a conformal fixed point. 
It is also possible to Higgs between two cancellative brane tilings, where quite often 
a P n in a partial resolution of MaxiS 1 is blown-down. In this case we expect that 
S^S'. 

Let 7r : IR 2 — > T 2 be the canonical projection, and Q := 7r _1 (Q) C M 2 the covering 
quiver (or 'periodic quiver') of Q. Fix a fundamental domain D of Q. For each path 
p in Q, denote by p + the unique path in Q with tail in D satisfying 7i{p + ) = p. For 
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a vertex j in the covering quiver Q, denote by j the corresponding vector in R 2 . We 
introduce the following definition. 

Definition 3.11. We say ip or Q\ is adequate if the following conditions hold: 

(1) If the lifts of two paths p and q contain no cyclic proper subpaths modulo I 
and bound a compact region whose interior does not contain the lift of any 
arrow in Q\, then p = q. 

(2) For each i,j G Q' satisfying ir(i) = there is a cycle p G kQ' whose 
f-image is not divisible by a, does not contain the ^-image of any arrow in 
Ql, and satisfies 

Hp + ) -t(p + ) =j-i. 

Henceforth we will assume ip is adequate unless stated otherwise. 

Question 3.12. Do all non-cancellative brane tilings adequately contract to can- 
cellative brane tilings whose algebras admit impressions? 

Remark 3.13. We do not know of an example where condition 1 is not satisfied, 
though it is a non-trivial condition (see Proposition 13 . 20 j ) . 

Lemma 3.14. If ip : A — > A 1 is a contraction with A 1 cancellative and c G A is a 
cycle of positive length, then ip(c) is not a vertex. 

Proof. Suppose c is a cycle of positive length that contracts to a vertex. Then the lift 
c + must be a cycle: otherwise the underlying graph of if)(Q) = Q' could not embed 
into a two-torus since we are assuming Q' is non-degenerate. Furthermore, the unit 
cycle tit(c) must also contract to a vertex, for otherwise again the underlying graph 
of Q' could not embed into a two-torus. 

Let i G Qo be a vertex that is not the head or tail of any arrow in Q*, and let p be 
a path from i to t(c). Then by Lemma [3.81 

ip{p)ip(ui) = ip{pui) = ip(u t{c )p) = ^Ot( c )Mp) = ^(p)- 
Since Q' is cancellative, if)(uf) = e^uy This contradicts our choice of i. □ 

Lemma 3.15. Let p,q G CjkQci be paths such that ip(jp) = ip{q)- Then their lifts p + 
and q + bound a compact region 1Z in the covering quiver Q C M 2 of Q. Furthermore, 
if the interior ofTZ does not contain the lift of any arrow in Q\, then p = q. 

Proof. Suppose ip(p) = ip(q). Then their lifts ip(p) + and ijj(q) + have coincident heads 
and tails. By Lemma I3.14[ there is no cycle c G eikQei of positive length satisfying 
"0(c) = e^uy Therefore p + and q + have coincident heads and tails as well, so p + and 
q + bound a compact region TZ. 

Suppose p ^ q. Since ip{j>) = if)(q) and the relations flUjl are 'homotopy relations', 
the lift of some 5 G Q\ must lie in the interior of TZ as an obstruction. □ 
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Proposition 3.16. Let 7 G B be a monomial. Suppose that for each i G Qo there 
is a cycle Ci G eikQei such that f(cj) = 7. Then X]ieQ (k + 1 E Z . Furthermore, if 
d G eikQei is another cycle satisfying f(d) = 7 then d = q. 

Proof. For the first claim, it suffices to show that for each arrow o G ft we have 
act(o) = c h ( a )a. Fix a G Qi- 

First suppose (ac t ( a )) + and (ch( a )o) + do not contain cyclic proper subpaths. Then 
we may write 71 = UjVj C IR 2 , where each Vj is a closed region bounded by two 
paths p1~ and with no cyclic proper subpaths; the intersection of interiors is empty, 
V° PI P£ = for j 7^ fc; and the lift of any arrow in Q\ that lies in 1Z lies on the 
boundary of some Vj. Therefore, by condition 1 in Definition I3.11[ Pj = qj for each 
j, whence ac t(a) = c h(a) a. 

Now suppose (ac t ( a )) + or (ch( a )«) + contains a cyclic proper subpath, say ac t ( a ) = 
P2QP1, where q + is a cycle. By Lemma |3~8| g = u^L^ for some m > 1. Thus, since 
5^ieQ + i s m * ne center of A, act( a ) = P2PiU™ a y Similarly Ch( a )« = ru t( a ) f° r some 
path r and n > 0. Therefore the previous argument with and r in place of act( a ) 
and c h ( a )0 implies that p 2 Pi = r. But f(p 2 pi)a m = r(ac t ( a )) = r(c h ( a) a) = f(r)a n . 
Thus m = n since i? is a polynomial ring and f(r) = r(jo 2 Pi) 7^ 0. This yields 

OCt(a) = c h(a)«- 

The second claim follows from the same argument with q and c? in place of ac t ( a ) 
and Ch( a )a. □ 

Proposition 3.17. T/ie subalgebras S and S' of B are equal. 

Proof. Here we use condition 2 in Definition 13. Ill 

It is clear that S C S'. To show the converse, suppose that 7 G S'. Since A' is 
cancellative, S' is generated by monomials in B (S' is toric), and therefore we may 
suppose 7 is a monomial. Furthermore, A' cancellative implies 5" = R'. Therefore 
for each i G Q' there is a cycle q G eikQ'ei such that f'(cj) = 7. 

If 7 = a/3 with a, (3 G 5", then either 7 is in 5*, or a or /3 is not in S. Therefore we 
loose no generality in assuming 7 is irreducible in 5". In particular o \ 7 in S' since 
a G S'. 

Fix % G Qo- By condition 2 there is a cycle p G fcQ' with the following properties: 
(i) f(p) is not divisible by a; (ii) p does not contain any vertex if) (6) G (Jo, ^ e Qii 
and (iii) p + and c^s have coincident heads and tails in Q'. 

(iii) implies that 7 = f(p)a n for some n G Z by Lemma [3. 8 1 Moreover, (i) implies 
n > 0. But we are supposing o \ 7 in S' as well, so n = 0. Furthermore, (ii) 
implies that p is the -0-image of a path q in Q, whence = f(q) G 5 1 . Therefore 
7 = f'(p) G S*. " □ 

Theorem 3.18. Le^ ^ : A — >■ A' be an adequate contraction between superpotential 
algebras of brane tilings, where A' is cancellative and A is not. Further suppose A' 
admits an impression (t',B), with B a polynomial ring and f'(a) G B a monomial 
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for each a G Q[. Define the k-homomorphism r : A — )■ M|q i(S) by (fiij). anc? /e£ 
i?, 5 and i?', S" 6e as m (Ej) u>rfn r ana 1 r' respectively. Then 

Z = RC S = S' = R' ^ Z'. 

Furthermore, R is depicted by S . In particular, the 'mesonic chiral ring' of A, namely 
S, is a depiction of its center Z. 

Proof. Denote by 1 the identity matrix in M\q \ (B). Recall that the /c-homomorphism 
t : A — > M\q \(B) is an algebra homomorphism on each e^e,, i G Qq. We will show 
that the restriction 

(12) t:Z->R1, 

is an algebra isomorphism. 

(i) The map |HP is well-defined, i.e., r(Z) C Rl: 

Suppose c G Z. Since c commutes with the vertex idempotents, c must be a sum 
of cycles: c = J2ieQ Ci w ^ n eacn c « e Let p be a path. Since r is an algebra 

homomorphism on each eiAet, we have 

(13) f(p)f(c t{p) ) = f(pc t[p) ) = f{pc) = f(cp) = f(c h{p) p) = f(c h{p) )f(p) G B. 

Furthermore, f(p) = f'(ip(p)) is nonzero since r' is an impression of A'. Thus, since 
B is an integral domain, f|T3|) implies f (ch( p )) = f (c t ( p )). But there is a path between 
each pair of vertices in Q that is nonzero modulo J, and therefore r(c) G -Rl. 
(m) T/ie map ([HP is surjective, i.e., Rl C r(Z): 

In the following, by monomial, path, or cycle, we mean a scalar multiple thereof. 
We first show that R is generated by a set of monomials in B. Suppose Y^jLi Pj £ -R> 
with each (3j a monomial. By the definition of R, for each % G Qo there exists a 
6 G CikQci such that f (6) = J^j Pj- Suppose b = ^™=i c ? f° r some cycles q G eikQei. 
By assumption, the f- image of any arrow is a monomial in B. Thus the f-image of 
any path is a monomial in B since 5 is a polynomial ring. Therefore, by fc-linearity 
of f , 

where each 7^ := f (q) is a monomial since q is a path. But then 

n m 

5> = f(o) = J>. 

<?=1 j=l 

Since I? is a polynomial ring, n = m and (possibly re-indexing) jj = (3j for 1 < j < m. 
/3j is therefore the f-image of a cycle in CikQci. Since i G Qo was arbitrary, /3 3 - G -R, 
proving our claim. 

Now let 7 be a monomial in R. As we have just shown, 7 is the f-image of 
an element c = J2ieQ Ci w ^ n eacn c « e e^kQci a cycle whose f-image is 7. By 
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Proposition I3.16[ c + I G Z, so 7I G t(Z). Since i? is generated by a set of monomials 
in B, we have Rl C r(Z). 

(Hi) The map [W) is injective: 

If b + I and c + / are in Z and satisfy r(b) = r(c) then 6 = c by Proposition 13.161 

Since (t',B) is an impression of A', Z' = R' by [HI Lemma 2.1], and i?' = S" 
by [HI Theorem 2.11]. Furthermore, since (t',B) is an impression of A', the map 
Max B MaxZ' = MaxS, q h-> q n Z', is surjective. Since R C S = Z', the map 
MaxS* — > Maxi?, n 1— )■ n fl R, is surjective. Therefore 5 is a depiction of Z = R by 
Proposition 13.11 □ 

Corollary 3.19. Suppose the hypotheses of Theorem \Z>.18\ hold. Then the center Z 
of A is birational to the normal toric Gorenstein singularity S = S' and contains a 
positive dimensional subvariety that is identified as a single (closed) point. 

The following proposition gives an infinite class of examples for which Theorem 
13.181 is applicable. A notable example is the quiver for the cone over Q U1 , given in 
Example 13. 31 ii below, which has been studied in the context of Chern-Simons quiver 
gauge theories in string theory. 

Proposition 3.20. Suppose Q contains no loops, and for each 5 G Q\, t(8) or h(8) 
has indegree and outdegree 1. Then condition 1 in Definition \3.11\ is satisfied. 

Proof. Condition 1 is only non-trivial in the following case: Suppose p and q = r 2 sri 
are paths whose lifts contain no cyclic proper subpaths modulo J, bound a compact 
region whose interior does not contain the lift of any arrow in Q\, and such that s5 
is a unit cycle for some 5 G Q\. For condition 1 to be satisfied we must show that 
p = q, which is non-trivial since it implies that a divides the f-image of every such 
path in Q. 

Suppose t(8) has indegree and outdegree 1. If t(8) 7^ h(g), i.e., r 2 7^ e h(g), then q 
must contain the unit cycle 5s since h(s) = t(5) has outdegree 1. Moreover, since 
p + and q + have coincident heads and tails (they bound a compact region) and have 
no cyclic proper subpaths, and A' is cancellative, ip(p) = ip{q)- Therefore p = q by 
Lemma 13.151 

Otherwise h(p) = h(q) = t(5) has indegree 1, so p and q have the same leftmost 
arrow subpath a, say p = ap' and q = aq'. The paths p' and q' then bound a compact 
region whose interior does not contain the lift of any arrow in Q\, and 5 only meets 
q' at its head since a is not a loop. Therefore p' = q', whence p = q. 

The case where h(5) has indegree and outdegree 1 is similar. □ 

3.3. Examples. We now consider some 'nonnoetherian deformations' of square su- 
perpotential algebras. A superpotential algebra A = kQ /I of a brane tiling is square 
if the underlying graph of Q is a square grid graph with vertex set Z x Z, and with 
at most one diagonal edge in each unit square. 
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xi x 2 yi y 2 xiyi x 2 y 2 x x y 2 x 2 yi 

Figure 2. A labeling of arrows in the quiver of a square superpotential 
algebra that specifies an impression. 

Any square superpotential algebra A admits an impression (r, B = k[xi,x 2 ,yi,y 2 }), 
where for each arrow a in the covering quiver Q, f(a) is the monomial corresponding to 
the orientation of a given in figure |2][Bj Theorem 3.7]. Specifically, r : A — > M\q \(B) 
is the fc-algebra homomorphism defined on the generating set Qo U Q\ by 

ti h-> En for each i e Q and a H- f(a)E h ( a ^ t ^ for each a 6 Q x . 

If Q only possesses three arrow orientations, say up, left, and right-down, then we 
may label the respective arrows by x, y, and z, and obtain an impression (r, k[x, y, z]). 
In either case, A is cancellative by Remark 13.71 

Consider the four examples of nonnoetherian deformations of square superpotential 
algebras given in figure [3j In each example, the quiver labeled (a) is non-cancellative 
and contracts to the cancellative quiver Q' labeled (b). In examples (iii) and (iv), 
quiver (c) is obtained from (b) by removing all 2-cycles. The superpotential algebras 
corresponding to (b) and (c) are equal, although their path algebras (without rela- 
tions) are not. The non-cancellative quivers (a) first appeared in [DHP, Table 5, 2.3]; 
jFHPRl Section 4], jFKRj ; [Bol Example 3.2]; and [DHPl Table 6, 2.6], respectively, 
each in a different form from what is shown here. 

In example (i), the impression ring B equals k[x, y, z] since there are only three 
orientations of arrows in Q', while in examples (ii)-(iv), B equals k[xi,x 2 ,yi,y 2 ]. It 
is easy to check that in each example, the contraction ip is adequate. Therefore the 
following hold: 





Z' = s = 
Z = R = 


k[x 2 ,y 2 ,xy,z} = R' = S' 
k + (x 2 , y 2 , xy)S 






Z'^S = 
Z = R = 


k [xiyi, xij/2, x 2 yi, x 2 y 2 ] = R' = 
k + (xtym, x x x 2 y x y 2 , x\y x y 2 )S 


S' 


iii): 


Z' = S = 
Z = R = 


k[x 1 y 1 ,x 2 yi,xiy 2 ,x 2 y 2 ] = R! = 
k + (x 1 yi,x 2 yi)S 


S' 


iv): 


Z' = S = 
Z = R = 


k [xiyi, x 2 y 2 , x\y\, x\y\\ = R' = 
k + (x 2 y 2 ,x\y 2 2 ,x\y\)S 


S' 
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Figure 3. Nonnoetherian deformations of some square superpotential 
algebras. Each quiver is drawn on a torus, and the contracted arrows 
are drawn in bold. 

By Theorem l3.18[ in each example R = Z is depicted by S = S' = R' = Z'. Moreover, 
in example (i) R is depicted by the abelian orbifold C 3 / /i2 of type |(1, 1, 0), while in 
examples (ii) and (iii) R is depicted by the conifold (quadric cone). 

In example (iii), if both of the upward pointing arrows are contracted, then the 
resulting quiver Q' consists of one vertex and 3 loops-the standard C 3 brane tiling- 
and is therefore cancellative. However, for this choice of Q\, condition 2 in Definition 
13.111 is not satisfied, and the conclusions of Theorem 13.181 do not hold since 

S = k[x, y, xz, yz] ^ k[x, y, z] = S'. 

In a forthcoming paper |B2j . some questions regarding the representation theory 
of non-cancellative brane tilings will be addressed. 
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